We study phase behaviours of lipid-bilayer vesicles functionalised by ligand-receptor complexes made of synthetic DNA by introducing a modelling framework and a dedicated experimental platform. In particular, we perform Monte Carlo simulations that combine a coarse grained description of the lipid bilayer with state of art analytical models for multivalent ligand-receptor interactions. Using density of state calculations, we derive the partition function in pairs of vesicles and compute the number of ligand-receptor bonds as a function of temperature. Numerical results are compared to microscopy and fluorimetry experiments on Large Unilamellar Vesicles decorated by DNA linkers carrying complementary overhangs. We find that vesicle aggregation is suppressed when the total number of linkers falls below a threshold value. Within the model proposed here, this is due to the higher configurational costs required to form inter-vesicle bridges as compared to intra-vesicle loops, which are in turn related to membrane deformability. Our findings and our numerical/experimental methodologies are applicable to the rational design of liposomes used as functional materials and drug delivery applications, as well as to study inter-membrane interactions in living systems, such as cell adhesion.
I. INTRODUCTION
Ligand-receptor interactions play a crucial role in a large variety of biological processes, including cell adhesion and signalling. 1 In biology, the selective nature of ligand-receptor interactions enables functional behaviours and responsiveness to environmental stimuli, which can be replicated in biomimetic materials where the interactions between the unit components are mediated by supramolecular ligand-receptor complexes. 2 The eminent example is represented by systems of DNA-functionalised colloidal units, [3] [4] [5] [6] where the artificial DNA linkers can be designed to control phase behaviour [7] [8] [9] [10] [11] [12] [13] and self-assembly kinetics, [14] [15] [16] [17] [18] [19] as well as to engineer biological probes.
20-23
A complete understanding of the complex emerging phenomena observed in multivalent interactions is only possible through a combination of experiments and numerical/theoretical analysis. Modelling multivalent interactions 24 is however a challenging task, as it requires the calculation of ensemble averages over the many possible configurations of the supramolecular linker complexes. 20, 25 Analytical methods capable of capturing the resulting entropic effects have been recently developed. [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] Such theories have been utilised to calculate effective potentials in DNA mediated interactions between solid 26-31 and deformable paricles, [35] [36] [37] [38] [39] as well as to design superselective probes. 20, 25, [32] [33] [34] [35] 40 Analytical models have however limited applicability to those biologically and technologically relevant scenarios where non-specific contributions significantly affect the interactions. Effects neglected by analytical models include steric repulsion between the linkers and the deformability of the interacting surfaces.
The latter is a particularly crucial aspect when dealing with multivalent interactions between soft substrates such as biological membranes. Numerical approaches could provide a faithful description of specific and non-specific effects in multivalent interactions. However, in view of the large interval of relevant lenghtscales, from the molecular scale of ligands/receptors to the micron scale of the interacting units, even coarse-grained models are unsuitable to simulate phase behaviour and material properties in ensambles of micron-sized multivalent objects. 41 Overcoming the limitation of purely analytical and purely numerical approaches is a critical step towards the development of truly predictive theoretical methods to aid the design of synthetic multivalent materials and improve our understanding of emergent behaviours in multivalent biological systems. A suitable approach should be capable of describing simultaneously the behaviour of the individual ligand/receptor pairs and the global phase behaviour of the systems.
The validation of such multiscale theoretical framework requires dedicated experiments in which the global phase behaviour can be disentangled from that of the individual ligand/receptor pairs, and the effect of the latter on the former can be assessed as a function of the number and adhesive strength of the linkers.
In this work we investigate the self-assembly behaviour of a biomimetic system of DNAfunctionalised lipid vesicles, 18, 35, 36, [42] [43] [44] where artificial DNA linkers play the role of ligands/receptors and membrane deformability can potentially affect the resulting multivalent interactions. DNA linkers can freely diffuse on the surface of the vesicles and form either intra-vesicle loops or inter-vesicle bridges, the latter being responsible for attractive interactions and driving vesicle aggregation. We study the response of the system to temperature changes, and clarify how the aggregation/melting transition of the liposomes is affected by the competition between loop and bridge formation and the non-selective free energy contributions related in turn to membrane deformability.
We propose a new "hybrid" framework to calculate the free energy of the interactions between such vesicles, that combines state-of-art analytical theories developed for solid particles [29] [30] [31] [35] [36] [37] [38] [39] with Monte Carlo simulations that account for configurational costs related to membrane deformability.
By exploiting a fully automated and programmable platform, we perform experiments that for the first time are capable of simultaneously monitoring the self-assembly state of the liposomes and the bound/unbound state of the DNA linkers through a combination of fluorescence microscopy and Förster Resonance Energy Transfer (FRET) measurements.
In systems where the number of linkers per vesicle N is low, simulations are capable of quantitatively replicating the response to temperature changes observed in experiments, including the aggregation/melting temperature of Large Unilamellar Vesicle (LUV) clusters and its correlation with the temperature-dependent fraction of formed DNA bonds. Such agreement is lost at high N , most likely due to the effects of linker-linker and linker-vesicle steric interactions, neglected by our current model. Our numerical results confirm the importance and the nature of the previously hypothesised entropic effects on the hybridisation free energy of surface-tethered linkers. 36, 37, 39, 45 In cases where linkers can diffuse on the surface of the substrates, such as DNA-tethers on lipid vesicles or ligands/receptors on cells, 46 these entropic costs include the loss of translational freedom following the formation of a bond. Particularly severe are the effects experienced by linkers forming inter-vesicle bridges, which end up confined within the relatively small adhesion patch between the vesicles. With the present numerical method these contributions can be directly evaluated based on the observed size of the adhesion patch, and then compared to the overall configurational free energy costs evaluated via density of states calculations.
36,39
Experiments and simulations demonstrate that these repulsive free energy contributions, combined with the competition between loop and bridge formation, have a substantial effect on self-assembly behaviour of DNA-functionalised vesicles: a minimum number of linkers N dim is required to stabilise adhesion. 11, 12 If fewer linkers are present vesicles do not aggregate. 11, 12 The fair agreement between experimental and predicted value of the threshold number of linkers validates our methods as an useful tool to design biomimetic self-assembling systems featuring complex functionalities.
The paper is structured as follows. Sec. II reports on experimental methods. In Sec. III we present our modelling framework. In particular in Sec. III B and Sec. III C we present respectively the analytical and numerical methods. The latter section illustrates how the two are combined. In Sec. IV we discuss the simulations' outcomes for a large set of different system parameters (listed in Sec. III F) and perform a detailed comparison with experimental results.
II. EXPERIMENTAL METHODS
In this section we present our sample preparation protocols and experimental setup designed to provide a complete characterisation of the self-assembly behaviour of DNAfunctionalised LUVs. In particular we can simultaneously monitor temperature dependent vesicle aggregation and the binding/unbinding state of the membrane-anchored DNA linkers in multiple samples using fully programmable and automated microscopy/fluorimetry apparatus. Experimental information can then be directly compared to numerical results to validate the assumptions and highlight the limitations of the numerical/theoretical framework described in Sec. III. 
A. Experimental system
As sketched in Fig. 1 
D. Image analysis
Images collected on the Marina Blue channel are used for structural characterisation of vesicle aggregates, carried out as described in Ref. 18 Briefly, Fourier analysis of the images enables the evaluation of a 2D projection of the samples' structure factor S(q), where q is the spatial frequency. The first moment of S(q) is then measured as an indicator of the aggregation state of the samples, going from high values for monomeric vesicles towards low values when aggregation takes place and S(q) develops a strong peak at low-q.
Images in the Cy3-Cy3, Cy3-Cy5 and Cy5-Cy5 channels are used to assess the efficiency of FRET between donor and acceptor fluorophores attached to a and a sticky ends respectively.
The average intensities of each channel I Cy3−Cy3 , I Cy3−Cy5 , and I Cy5−Cy5 are extracted from the images, and used to evaluate the (ratio) A
where α =Ĩ Cy3−Cy5 /Ĩ Cy3−Cy3 = 0.16, and the intensitiesĨ Cy3−Cy5 andĨ Cy3−Cy3 are measured in a reference sample that only contains Cy3 fluorophores. The (ratio) A is linearly dependent on the FRET efficiency. 49 The Förster radius of the Cy3-Cy5 pair is ≈ 5 − 6 nm, 50 therefore high FRET efficiency is expected in bound a − a pairs, where donor and acceptor are kept at ≈ 2 − 3 nm from each other. The probability of FRET between unbound linkers is comparatively small, although not fully negligible in samples with the high DNA coverage, where the average distance between unbound a − a linkers goes down to ≈ 11.9 nm. As a function of temperature, (ratio) A describes a sigmoidal curve from which the fraction of hybridised linkers φ(T ) can be extracted as
where B H and B L are linear fits of the high-and low-temperature plateaus of the sigmoidal curve. See discussion in Sec. IV.
III. MODELLING FRAMEWORK A. Interacting Large Unilamellar Vesicles (LUV)
Vesicles are modelled as triangulated surfaces [see Fig. 1 (b)] as described previously.
51,52
Following Refs. 
where α, β and i, j denote neighbouring triangles and vertices respectively, with i, j ≤ 2N v . In Eq. 3 κ is the bending rigidity, n α is the outward normal of the triangle labelled by α, and v bnd (r ij ) is an infinite square-well potential that constraints two neighbouring vertices to be within a distance r cut = √ 3σ. v excl (r ij ) is a hard core repulsion that constraints vertices i and j to stay at distance r ij > σ. Note that v excl acts also between vertices belonging to different vesicles.
We distribute 2N implicit linkers, N of type a and N of type a , over the N v vertices of each vesicle in a way that no more than one linker is allowed on the same vertex (2N < N v ).
Two free complementary linkers can react if their distance is smaller than L. In the case of DNA linkers, L is equal to twice the length of the spacers connecting the sticky ends to the cholesterol anchors. Accordingly, the Hamiltonian associated to linker-linker interactions is
given by 
If only H link is considered, analytical models used in our previous studies 35, 36 enable the calculation of the parition function of two interacting membranes, neglecting non-specific membrane membrane interactions and configurational contributions associated to membrane deformation. These calculations adapted to the present system are given in Sec. III B. The hybrid numerical/analytical framework discussed in Sec. III C combines analytical calculations with Monte Carlo methods to sample the non-specific contributions described by H ves (see Eq. 5) to the overall partition function Z, which is then used in Sec. III D (see Eq. 17) to investigate vesicle dimerisation.
B. Analytical modelling of multivalent interactions
Interactions between multivalent objects are strengthened by the combinatorial entropic contributions accounting for the many different ways of forming a given number of bonds starting from a set of linkers. The experimental system features identical vesicles functionalised by an equal number N of two complementary linkers, which can therefore form both inter-vesicle bridges and intra-vesicle loops [see Fig. 1 (a) ]. In this scenario, the contribution of H link (Eq. 4) to the partition function of two vesicles linked by n B bridges, taking two non interacting vesicles as reference, becomes
where
In Eqs. 6 and 7 we sum over all the possible number of loops since, consistently with neglecting steric interaction between linkers, we assume that loops are not affected by the conformation of the vesicles. In Eq. 6 Ω L (N, N ) is the "linker" partition function of an isolated vesicle featuring only loops. ∆G L and ∆G B are defined as the free energies for loop and bridge formation. For system of mobile linkers ∆G B includes the dimerisation free energy of the reactive groups of the linkers when free in solution, indicated as ∆G 0 , and a term ∆G rot accounting for the loss of rotational freedom following the binding of two linkers. In this study we focus on the case of rod-like dsDNA linkers tipped by reactive ssDNA sticky ends, therefore ∆G 0 is simply the hybridisation free energy of the sticky ends as obtained using nearest-neighbour rules for the sequences reported in Fig. 1 (a) . [57] [58] [59] We estimate the rotational term as 
where A is the area of a vesicle. 35, 36 In summary, we obtain
Recently it has been reported that the molecular roughness of the bilayer can alter the affinity between complementary linkers. 60 When properly parametrised, 61 such effects can be included into the definition of ∆G 0 .
In this work we combine multivalent partition functions, like the one in Eqs. 6 or 8, with
Monte Carlo estimates of the configurational free energy costs of pairs of vesicles linked by n B inter-vesicle bridges. In our model such costs only depend on the number of bridges n B .
In particular, the interaction free energy does not depend on the number of formed loops (see Sec. III C 3). For computational efficiency we therefore use a simplified system where only bridges are possible, which could be realised experimentally using two families of vesicles each carrying only one of the two complementary linkers. In this case the contribution to the partition function due to H link for vesicles with n B bridges and N linkers (per type) is simply given by Ω B (N, n B ) (Eq. 8). In Sec. III C we use Ω † (e.g. † = B or † = B, L) to tag the contribution to the partition function due to the selective part of a generic multivalent system.
C. Numerical estimate of configurational effects
In this section we explain our strategy to combine the analytical partition functions of interacting multivalent vesicles Ω † (with † = B or † = B, L, see Sec. III B) with the numerical calculation of the configurational costs due to non selective terms of the Hamiltonian (H ves in Eq. 5) as estimated via Monte Carlo. These terms account for the deformation of the membranes following the formation of flat adhesion patches in the interacting vesicles, for the steric repulsion between membranes, as well as for the entropic costs of confining linkers we then use the results of Sec. III C 2 to calculate the internal partition function of vesicles featuring an arbitrary number (n B ) of bridges z(Ω † , n B ). In Sec. III C 1 we briefly outline our simulation algorithm.
Simulation procedure
In a single simulation cycle we sample on average all degrees of freedom of the system by means of local Monte Carlo moves. We attempt to randomly displace the nodes of the For computational efficiency, the diffusion of the linkers on the triangulated mesh has been implemented using random jumps in which a randomly chosen linker is first selected and then moved to a randomly selected free vertex. All displacements that take two bound linkers to a distance bigger than L are rejected. The sampling of the bonds is done using a heat-bath algorithm. 45 In particular we randomly choose a linker i and create a list L i of all possible complementary linkers that could potentially form a bond with i, eventually including the linker to which i is already bound. The selected linker has then a probability p free of becoming (or remaining) free and a probability n(L i )p bound of getting (or staying) connected to a randomly chosen partner from the list L i , which counts n(L i ) elements. Consistently with Eqs. 4 and 5, the probabilities are defined as
Note that as explained in Sec. III B for efficiency reasons we simulate explicitly only the formation of bridges.
When studying systems of adhering vesicles (Sec. III C 3) we also attempt moves in which a vesicle is randomly chosen and rigidly translated along a random vector. The move is rejected if it causes two vesicles to overlap or a formed bridge to stretch beyond its maximum allowed bond-length L.
Configurational costs of forming the first bridge
In this section we calculate the internal partition function z(Ω † , n B = 1) of two vesicles bound by a single linkage by taking as a reference the internal partition function of two separate vesicles [first step in Fig. 2 (a) 
, where 1/N 2 v accounts for the probability of finding one linker on a given node of the membrane and the volume v 0,i encloses the displacement between the vesicles' centres of mass we sample, accounting for both changes in the absolute distance between the vesicles and rotations of one LUV around the other. The final value of Q(1) is sampled using
The internal partition function of two vesicles featuring a given multivalent model Ω † (see Sec. III B) linked by one bridge is then given by
The values of Q(1) for the systems considered in this work have been reported in Tab. I.
3.
Configurational costs of forming n B bridges
The internal partition function of vesicles linked by n B bridges z(Ω † , n B ) is sampled using the successive umbrella sampling of Virnau and Müller 69 taking as bias parameter the number of bridges n B [second step in Fig. 2 (a) ]. We successively constrain the algorithm to sample between states with n B and n B + 1 bridges. The ratio between the internal partition functions of the two states can then be directly evaluated as z(Ω † , n B + 1)/z(Ω † , n B ) = N n B +1 /N n B , where N n B +1 and N n B count the number of times the system visits states with n B +1 and n B bridges respectively. Using z(Ω † , 1) as calculated in Sec. III C 2 we then obtain
In Fig. 3 (a) the ratio N n B +1 /N n B is shown as a function of n B for a bridge-only model ( † = B) with different amounts of linkers N . Similar to what done in Eq. 13, we factorise the internal partition function using the selective term Ω † and a configurational term indicated
from which we derive
. The results show an universal trend for ∆G cnf . We observe that ∆G cnf increases almost linearly with n B , which enables the extrapolation of ∆G cnf to values of n B above the simulated range. 
D. Dimerisation probability
To study the melting transition of the DNA-functionalised veiscles we calculate the probability of forming liposome dimers starting from a dilute suspension of free vesicles [see Fig. 
(b)]. We start by evaluating the internal partition function of pairs of bound vesicles (Z)
that is obtained by summing z(Ω † , n B ) over all possible number of bridges
Here η is symmetry factor equal to 2 if the vesicles are identical, to 1 otherwise. The dimerisation probability of two vesicles in a solution with a specific vesicle concentration c exp can be written as
which can be solved for P dim leading to the final expression
Note that concentrations are here expressed in units of mol m −3 , and N A is Avogadro's number.
It is important to stress the portability of our method. In view of the universality of ∆G 
E. Other quantified observables
Besides the configurational contribution to the vesicle-vesicle interaction free energy ∆G cnf , and the vesicle dimerisation probability P dim , we quantify the area A p of the adhesion patch, and the number of formed intra-vesicle bridges and inter-vesicle loops.
The adhesion patch between vesicles [see Fig. 1 (b) ] is defined as the region featuring vertices that could potentially bind to at least one vertex on the partner vesicle. Note that the exact position of the patch border depends on L. For numerical efficiency the patch area is once evaluated every 2500 MC steps. From the area A p of the adhesion patch, we can evaluate the confining contribution to the configurational free energy of bridge formation as
where A the total area of the vesicle. As discussed in Sec. III B, ∆G confining B describes the loss of translational freedom following the formation of a bridge, when two initially free linkers become confined to a distance L from each other and within the adhesion patch.
The average number of bridges is calculated as
If loops are present, their average number can be estimated using a saddle point approximation of the multivalent partition function in Eq. 7, resulting in Using this expression along with Eq. 21 the average amount of bound linkers (loops + bridges) in pairs of connected vesicles is given by
Loops can also form in pairs of vesicles that are not connected. Accounting for this possibility we can estimate the total number of bound linkers as
where P dim is given in Eq. 19.
Vesicle dimerisation temperature is estimated by evaluating the temperature dependence of P dim . Starting from T = 0 • C and incrementing T in steps of 1 • C, the dimerisation temperature is defined as the first point where P dim drops below 0.5.
Similarly, the melting temperature of the DNA linkers is defined as the temperature above which less than 50% of the linkers are hybridised. Table I lists 
F. Simulated Systems

IV. RESULTS AND DISCUSSION
A. Configurational free energy
In this section we discuss numerical estimates of the configurational contribution ∆G cnf (1 → n B ) to the interaction free energy of pairs of liposomes linked by n B bridges, and disentangle components deriving from membrane deformation and steric repulsion from those caused by the confinement of bridge-forming linkers within the inter-vesicle adhesion patch. Figure 4 shows the configurational free energy ∆G cnf ( In all cases, we find that ∆G cnf increases linearly with the number of bridges, and this is correlated with the formation of larger adhesion patches at higher n B . However the patch area is non-linear in n B with A p that increases more rapidly for small number of bridges.
Similar trends have been previously reported when studying adhesion between fluid vesicles and solid supports at different vesicle-substrate attraction.
64,70
As discussed in Sec. III B, ∆G cnf implicitly includes the entropic cost ∆G confining B of confining each linker engaged in a bridge within the patch region. This term can be estimated using the measured patch area (right column of Fig. 4 ) and Eq. 20, and it is shown in Fig. 4 (left column, circles). Interestingly, n B ∆G and ∆G cnf . In Fig. 4 
B. Vesicle aggregation and DNA hybridisation
In this section we study temperature dependent self-assembly of vesicle suspensions by means of our model and experiments. We show that experiments and modelling agree on the fact that at low number of binders N self-assembly is suppressed. Numerically, selfassembly is characterised by means of the vesicle dimerisation probability P dim (see Sec. Figure   5 (a) shows the calculated dimerisation probability as a function of temperature and the number of linkers per vesicle and type N . The P dim (T ) curves describe a sigmoidal shape, shifting towards higher temperature and becoming more sharp as the number of available linkers increases, a characteristic behaviour of multivalent interactions already observed in DNA functionalsied solid particles.
27 As N is decreased, P dim (T ) tends to converge to a lowtemperature plateau smaller than 1, and eventually smaller than 0.5 for N = 125, effectively suppressing dimerisation. This is a unique characteristic of multivalent interactions featuring competition between loops and bridges, 11,12 also confirmed by our experiments. In Fig. 6 we study the fraction of DNA strands engaged either in loops or bridges as a function of temperature, experimentally measured on the same systems of 50% of the DNA bonds are formed, and below which more than 50% of the available linkers are needed for dimerisation. In Fig. 7(a) we also investigate the effect of uncertainties in the hybridisation free energy of the sticky ends ∆G 0 . For all results presented in this work, ∆G 0 has been calculated using conventional nearest neighbours rules 57-59 applied on the sticky-end sequences shown in Fig. 1 (a) , including also the attractive effect of the dangling bases (As) neighbouring the hybridising duplexes. However this modelling choice is far from being univocal. On the one hand, it has been demonstrated that the presence of inert DNA tails emanating from the duplexes, like the dsDNA spacers in the present system, can have substantial destabilising effect. and bridges is independent on temperature or the total number of linkers, and determined only by vesicle geometry. 36 Thus the constant trends in Fig. 8 (a) imply that a fixed number of bridges is required to overcome entropic repulsion and bind vesicles to each other.
Experiments predict an increase of the fraction of hybridised DNA at vesicle melting as a function of N , seemingly approaching a plateau at low N (compatibly with simulations) and a linear asymptote at high N . Since it is reasonable to argue that a fixed number of bridges is required to drive vesicle aggregation, we speculate that the observed trend may be caused by a dependence of the bridge/loop ratio on N . This could be again ascribed to steric repulsion between linkers within the crowded adhesion patch: Although at high linker concentration the number of formed DNA bonds at vesicle melting is higher, excluded volume effects between linkers in the patch would result in a smaller fraction of bridges and a higher fraction of loops with respect to the ideal scenario in which linker-linker steric interactions are negligible. In this work we addressed some of the limitations of current modelling approaches to multivalent interactions, particularly the impossibility of accounting for deformable particles.
Working on a system of soft liposomes functionalsied by linkers made of synthetic DNA, we propose a method that combines state-of-art multivalent theories with Monte Carlo methods. In particular we used a triangulated model of the lipid bilayer together with free energy calculations to estimate the configurational free energy cost of having a given number of bridges formed between interacting vesicles. We clarify how such contributions are mainly due to the entropic penalty of confining bridge-forming linkers within the flat contact area formed between adhering deformable vesicles. We then characterise the response of pair of interacting vesicles to changes in temperature, and in particular the temperature- confirm that a minimum number of linkers per vesicle is required to overcome configurational entropic costs for membrane deformation and produce stable aggregation. We observe deviations between simulated and experimental trends at high density of the DNA linkers.
We argue that this disagreement is caused by excluded volume effects between pairs of linkers and between the linkers and the membranes, neglected in the present contribution to maximise the portability of the model. These deviations deserve future investigation.
Our experimental and numerical results highlight the importance of configurational free energy costs arising from the deformability of objects interacting via multivalent interactions. This is an ubiquitous scenario in biological contexts, where deformable cells adhere to each other or to the extra-cellular matrix thorough membrane ligand/receptors, but also in bio-nanotechnology and nano-medicine, where multivalent synthetic probes are designed to selectively target cells. The novel numerical approach we developed to reach these conclusions combining state-of-art analytical modelling with Monte Carlo simulations provides a valuable tool for further investigations of specific biological and nano-technological problems including tissue dynamics, cell sorting, cell-cell and cell-substrate adhesion, tissue scaffolding, and designing multivalent probes for drug and gene delivery. 
